28.1 The market price of risk



Derivatives depend on a single underlying variable

We start by considering the properties of derivatives dependent on the value of a single
variable #. Assume that the process followed by # 1s

10
E; = mdt + sdz (28.1)

* 0 : not necessarily the price of a traded security
* m : expected growth rate in 6
s :volatility of 6



Derivatives depend on a single underlying variable

Suppose that the processes followed by f; and f; are
d fi
— = dt + oy dz
h
and
d f
f2

= M dr + o d.{.
where p,, w,, oy, and o, are functions of # and ¢. The “dz” 1n these processes must be

the same dz as in equation (28.1) because it is the only source of the uncertainty in the
prices of f; and f>.

* f1, [> : price of two derivatives dependent only on 6 and t
0k B b ikcE



Forming a riskless portfolio

The prices f; and f; can be related using an analysis similar to the Black—Scholes
analysis described in Section 15.6. The discrete versions of the processes for f; and f; are

Afi = mfi At + o fL Az (28.2)
Afy = mf At + 0y f; Az (28.3)

We can eliminate the Az by forming an instantaneously riskless portfolio consisting of
o> f> of the first derivative and —o f; of the second derivative. If I1 is the value of the
portfolio, then

[1=(mf)i — (ofi)fa (28.4)
and
All = on /2 Afy — oy fi Afs

Substituting from equations (28.2) and (28.3), this becomes
All = (o fifo — pao1f1f2) At (28.5)
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Because the portfolio is instantaneously riskless, it must earn the risk-free rate. Hence,

ALl = rII At

[T = (o2 f2)fi — 5 28.4
Substituting into this equation from equations (28.4) and (28.5) gives ()i — (0 H)f (23.4)
102 T a0 T T All = (o fi fo — paoi fLf2) At (28.5)
or
— F a — F
= =& (28.6)
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Market price of risk

Dropping subscripts, equation (28.6) shows that if fis the price of a derivative dependent
only on # and ¢ with

df
1 = ndt + odz (28.7)

then

= A (28.8)
* We refer to (u — r) /o as the market price of risk for 8 and denote it by

e If Ad > 0, investors require a higher return to compensate them for the
risk arising from 6.



Market price of risk

Equation (28.8) can be written

mw—r = Ao (28.9)

50 that

df = (r + Ao) fdt + o fdz (28.10)

* The market price of risk of a variable determines the growth rate
of all securities dependent on the variable.




Traditional risk-neutral world

The process followed by derivative price fis

df = pfdt + o fdz

The value of p depends on the risk preferences of investors. In a world where the
market price of risk is zero, A equals zero. From equation (28.9) u = r, so that the

process followed by fis

df=rfdt + ofdz

We will refer to this as the traditional risk-neutral world.

Equation (28.8) can be written

w—r=Ac

(28.9)




Girsanov’s theorem

* As we move from one market price of risk to another, the expected
growth rates of security prices change, but their volatilities remain
the same.



28.2 Several state variables



Several underlying variables

Suppose that n variables, 6, 6,, ... ,6,, follow stochastic processes of the form
db;
H_! = m; dt + s, dz; (28.11)

fori = 1,2, ..., n, where the dz; are Wiener processes. The parameters m; and s; are
expected growth rates and volatilities and may be functions of the #;, and time.

d " n
?f = pdt + D o;dz (28.12)
i=1

In this equation, p is the expected return from the security and o; dz; is the component
of the risk of this return attributable to 6;. Both p and the o; are potentially dependent
on the #; and time.

h=r= Eﬁ.f-fﬂ (28.13)
=1

where A;1s the market price of risk for 6. o mfé Ik ué; /;_ ﬁ,uj #E bo = zR} ué}; ”,;’_ ﬁm



28.3 Martingale



Martingale

A martingale 1s a zero-drift stochastic [JI’ECESS.?' A variable @ follows a martingale if its
process has the form

df = o dz

where dz 1s a Wiener process. The variable o may itself be stochastic. It can depend on #
and other stochastic variables. A martingale has the convenient property that its
expected value at any future time is equal to its value today. This means that

E(ﬂﬂ =t



The equivalent martingale measure result

* If we set A equal to the volatility of a security g, then [to’s lemma
shows that f /g is a martingale for all derivative security prices f

df=(r+ Ao) fdt + o fdz (28.10)
df = (r + o,07) fdi + o,fdz dlnt - "dxc = Gﬁdt
- | dg = (r + o)gdt + o,gdz = AL (r1656% )t 6efdz ) - S67dt
Using [td’s lemma gives f
dinf = (r + a0p — 03/2) dt + oydz . (16965 - 6; )dt + g dZ
ding = (r + o3/2)dt + o,dz
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The equivalent martingale measure result

* If we set A equal to the volatility of a security g, then [to’s lemma
shows that f /g is a martingale for all derivative security prices f

(07 — 0,)?

f
:f(ln E) = - 5 dt + (o — o,) dz
d(g) = (or — 0y) gd: (28.14)

This shows that f/g1s a martingale and proves the equivalent martingale measure result.

h_ (k)
8o Er

fo = 8oE, (;—i) (28.15)

where E, denotes the expected value in a world defined by numeraire g.
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28.4 Alternative choice for
the numeraire



Zero-coupon bond price as the numeraire

Define P(t, T) as the price at time f of a risk-free zero-coupon bond that pays off $1 at
time 7. We now explore the implications of setting the numeraire g equal to P(z, T). Let
E+denote expectationsin a world defined by thisnumeraire. Becausegy = P(7,7) = 1
and g, = P(0, T), equation (28.15) gives

fo= gl]Eg(

fr

8r

)

fo = PO, T)Er(fr) (28.20)
(28.15)

Consider any variable 6 that is not an interest rate.® A forward contract on 8 with {0
maturity 7'is defined as a contract that pays off 6 — K at time T, where 6 is the value #
at time 7. Define f as the value of this forward contract. From equation (28.20),

PO T)Es(O7-K)
-P(0,T)[E+67)-K)

fo = P(0, T)[Er(6y) — K]




Zero-coupon bond price as the numeraire

fo = P(0, T)[Er(67) — K]

The forward price, F, of # is the value of K for which f, equals zero. It therefore
follows that

P(0, T)[E4(67) — F] = 0
ar

F = E(67) (28.21)

* The forward price of any variable is its expected future spot price
In a world defined by the numeraire P(t, T)
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