
28.1 The market price of risk



Derivatives depend on a single underlying variable

• 𝜃 : not necessarily the price of a traded security
• m : expected growth rate in 𝜃
• s : volatility of 𝜃



Derivatives depend on a single underlying variable

• 𝑓1, 𝑓2 ∶ price of two derivatives dependent only on θ 𝑎𝑛𝑑 𝑡

• 𝜎 : 暴露在風險中的數量



Forming a riskless portfolio



Market price of risk

• 𝜇1 − 𝑟 ∶ 𝑟𝑖𝑠𝑘 𝑝𝑟𝑒𝑚𝑖𝑢𝑚

• 𝜎1 ∶暴露在風險中的數量

•
𝜇1−𝑟

𝜎1
∶ 𝑓1的單位風險溢酬 

• 因暴露在相同風險來源，所以投資
人要求的單位風險溢酬相同



Market price of risk

• We refer to Τ(𝜇 − 𝑟) 𝜎 as the market price of risk for 𝜃 and denote it by 
𝜆

• If 𝜆𝜎 > 0, investors require a higher return to compensate them for the 
risk arising from 𝜃.



Market price of risk

• The market price of risk of a variable determines the growth rate 
of all securities dependent on the variable.



Traditional risk-neutral world



Girsanov’s theorem

• As we move from one market price of risk to another, the expected 
growth rates of security prices change, but their volatilities remain 
the same. 



28.2 Several state variables



Several underlying variables

• n種風險溢酬相加=總風險溢酬



28.3 Martingale



Martingale



The equivalent martingale measure result

• If we set 𝜆 equal to the volatility of a security g, then Ito’s lemma 
shows that Τ𝑓 𝑔 is a martingale for all derivative security prices f



The equivalent martingale measure result

• If we set 𝜆 equal to the volatility of a security g, then Ito’s lemma 
shows that Τ𝑓 𝑔 is a martingale for all derivative security prices f



28.4 Alternative choice for 
the numeraire



Zero-coupon bond price as the numeraire



Zero-coupon bond price as the numeraire

• The forward price of any variable is its expected future spot price 
in a world defined by the numeraire P(t, T)
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